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Abstract
We examine the elastic shear waves generated in a thin pre-stressed elastomer layer that is sandwiched between two relatively
thick steel plates and is subjected to an elastic shear wave traveling in one of the steel plates. The elastomer layer has been
deformed in uni-axial strain in advance, producing in the layer very large axial and lateral compressive stresses of the order of
its bulk modulus. Deformations of this kind are produced in the thin layer when the sandwich structure is impacted by another
steel plate at an oblique angle. Our results are thus relevant to the analysis of such pressure-shear plate impact experiments.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Most polymers are elastomeric at temperatures above their glassy transition, Tg . They are solids with very
small shear moduli at ordinary pressures and temperatures, but have relatively large bulk moduli. Commercially
available polyurethane, for example, is reported by Mott et al. [1] to have a shear modulus of about 6 MPa and
a bulk modulus of 2.4 GPa. Similarly, polyurea which is closely related to polyurethane, has a very small shear
modulus at room temperature and ordinary pressures, but a relatively large bulk modulus. Elastomers of this
kind are soft solids, strong in tension and resistant to abrasion and impact. They are commonly used for metal
and concrete surface protection. Solids of this kind are fluid-like when they are impacted by high-velocity hard
projectiles, but retain their solid-like integrity and regain their initial shape upon the completion of the impact
event.
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Fig. 1. A thin elastomer layer is sandwiched between two thick steel plates and uni-axially pre-strained. A shear wave with particle velocity V0
traveling through plate I in the x-direction, impacts the elastomer. The shear velocity at a typical point inside the rear plate is calculated based
on the properties of the elastomer.

The shear moduli of elastomers are pressure-dependent, and can reach and exceed 1 GPa when the material is
suitably pre-compressed. Confined compression Hopkinson bar and pressure-shear plate impact experiments have
been performed to evaluate the pressure-dependence of the shear modulus of elastomers [2,3]. Here, we confine
attention to the analysis of shear-wave propagation in a thin layer of an elastomer that is sandwiched between two
relatively thick steel plates (Fig. 1), and is pre-deformed in uni-axial strain, producing very large axial and lateral
compressive stresses in the thin elastomer.
The problem of finite deformation elastic waves has been studied extensively in the literature, especially for hyper-elastic materials. Truesdell [4] has studied the propagation of small oscillation superposed
on large deformations in hyper-elastic materials based on the work by Toupin and Bernstein [5]. Bland [6]
has addressed the problem of simple waves for which the propagation direction coincides with one of the
principal axes of the stress or deformation tensors. Chu [7] has discussed wave propagation in incompressible materials. Truesdell [8,9] has introduced the concept of hypo-elasticity and shortly afterwards Noll [10]
has shown that it encompasses the Cauchy elasticity. Bernstein [11] found the necessary and sufficient conditions for a hypo-elastic material to be elastic in the sense of Cauchy and even furthermore in the sense of
Green (hyper-elasticity). It is now well established that this general framework is a natural choice for most
numerical routines and can be extended to plasticity and other material properties [12]. Truesdell [8,9,13] has
solved a few simple problems using this model. More recently, Lin et al. [14] have studied uniform quasistatic deformation in a closed path, which includes uniform simple shearing, for several hypo-elastic material
models.
In the present work, we use a hypo-elastic model based on a linear relation between the Jaumann rate of the Cauchy
stress and deformation rate tensors. As is known, models based on other objective stress rates and material strain
rates can be rendered equivalent by proper selection of the tangential moduli; for a discussion of this equivalence
see Nemat-Nasser [15].

22

S. Nemat-Nasser, A.V. Amirkhizi / Wave Motion 43 (2005) 20–28

2. Analysis
The coordinate system is shown in Fig. 1. We assume that the uni-axial pre-strain results in the following uniform
strains and stresses in the elastomer layer:
εyy = εzz = 0

(1)

εkk = εxx






εkk 
4G
σxx = 2G εxx −
+ Kεkk = K +
εxx
3
3



εkk 
2G
σyy = σzz = 2G εyy −
+ Kεkk = K −
εxx
3
3

(2)
(3)
(4)

Here, K and G are the bulk and shear moduli of the elastomer layer, respectively. For finite deformations,
a linear relation between the strain and the Cauchy stress components does not generally hold. However, the
above results can be derived from the hypo-elastic constitutive relation if one uses the logarithmic strain; see
Appendix A. Therefore, prior to the arrival of the shear wave, the stress components are assumed to be uniform,
having the following values:
0
σxx
= −p
0
0
σyy
= σzz
=−

(5)
3K − 2G
p
3K + 4G

(6)

0 is the axial stress, σ 0 and σ 0 are the confining stresses and p is the axial pressure.
where σxx
yy
zz
The thin layer is now subjected to a simple shearing by an elastic shear wave that travels in the steel plate I
in Fig. 1, and transmits an initial particle velocity, V0 , to the layer at its face in contact with the plate. With the
pre-stressed configuration taken as the reference one (X, Y, Z), the shearing motion is expressed as:

x=X

(7)

y = Y + v(t, X)

(8)

z=Z

(9)

∂v
=γ
∂X

(10)

where (x, y, z) define the current particle position. The deformation rate and spin tensors are:
γ̇
(ex ⊗ ey + ey ⊗ ex )
2
γ̇
W = (ey ⊗ ex − ex ⊗ ey )
2

D=

(11)
(12)

Now assume an incremental hypo-elastic constitutive model (see Appendix A for details), where the Jaumann
rate of the shear stress is given by:
◦

◦

τ(= σ xy ) = 2GDxy = Gγ̇

(13)

The stress rate is calculated from:
◦

σ̇ = σ +Wσ + σWT

(14)
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Since the shear component is the only non-zero element of the deformation rate tensor, the non-zero components
of the stress rate tensor are:
σ̇xx = −γ̇τ = −σ̇yy


σxx − σyy
τ̇ = G +
γ̇
2

(15)
(16)

From equilibrium, the shear-wave speed and impedance then are:

dτ/dγ
c=
ρ

dτ
z= ρ
dγ

(17)

(18)

The quantity ρ here is the mass density of the compressed elastomer layer. Define a new quantity, ξ, and
eliminating γ, obtain:
ξ=

σxx − σyy
2

(19)

ξ̇ = σ̇xx = −σ̇yy

(20)

1
γ̇ = − ξ̇
τ

(21)

Replace in the differential equation for τ and solve for ξ:

ξ = (G + ξ(0))2 − τ 2 − G

τ̇ = (G + ξ(0))2 − τ 2 γ̇

(22)
(23)

The complete solution and the apparent tangential shear stiffness needed in wave propagation calculation can
now be written down as follows:
τ = C sinγ

(24)

ξ = C cosγ − G

(25)

σxx = −p − C(1 − cosγ)

(26)

σyy = −p

3K − 2G
+ C(1 − cosγ)
3K + 4G

dτ
= C cosγ
dγ
C = (G + ξ(0)) = G − p

(27)
(28)

6G
4G + 3K

(29)

Note that there is no restriction on the history of γ in this derivation. The equilibrium equation:
∂2 v 1 ∂τ
−
=0
∂t 2
ρ ∂x

(30)
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is rewritten in light of the above result as follows:
  2
∂τ
dτ ∂γ
∂v ∂ v
=
= C cos
∂x
dγ ∂x
∂x ∂x2
  2
∂v ∂ v
∂2 v C
−
cos
=0
2
∂t
ρ
∂x ∂x2

(31)

(32)

Eq. (32) can be solved numerically by discretizing the layer through the thickness. The boundary conditions
can be derived from the continuity of the displacement (or equivalently velocity) and the tractions at the interface
between the steel plates and the layer. We consider both no-slip and possible slip conditions at the front interface,
but only a no-slip condition at the rear interface. For the rear plate II, therefore, these boundary conditions written
at x = l are,
 m

∂vm (l, t)
∂v (l, t)
C
m
p

vm (l, t) = vp (l, t),
τ (l, t) = τ (l, t) ⇒
sin
=
(33–35)
∂t
∂x
ρp G p
Here, the superscript or subscript p denotes the plate and m denotes the elastomer layer.
At the front end x = 0 one needs to take into account the incoming wave and its reflection. The incoming wave
has a particle velocity of V0 . For the no-slip case, we have,
∂vm (0, t)
∂vr (0, t)
= V0 +
∂t
 ∂t


∂vr (0, t)
m
p
m
τ (0, t) = τ (0, t) ⇒ τ (0, t) = ρp Gp V0 −
∂t
 m

m
∂v (0, t)
C
∂v (0, t)
= 2V0 − 
sin
∂t
∂x
ρp G p

vm (0, t) = vp (0, t) ⇒

(36–40)

Here the superscript r denotes the wave reflected back into the steel plate.
The boundary conditions ((33), (35), (36) and (40)), imposed on the elastomer layer, implicitly exclude reflections from the free surfaces of the steel plates I and II. Multiple reflections from the interfaces between the
elastomer and the steel plates are, however, included, as these are essential parts of the dynamic response of
the elastomer. But, since the thicknesses of the steel plates are considerably larger than that of the elastomer
layer, the reflections off their free surfaces can be safely neglected during the initial phases of the deformation
of the elastomer. Note, however, that the particle velocity on the free surface of the rear plate II is given by
2∂vp (l, t)/∂t.
The above formulation is applicable when the material is strong enough to bear the stresses and strains produced
at the interface with the steel plates. Various ad hoc and phenomenological failure conditions may be introduced
in the numerical simulation to model potential interface and material degradation. In this work, in addition to the
above-mentioned no-slip boundary conditions, we considered for illustration two cases. First, we study the effect of
potential frictional slip that is idealized by an interface, which can support only up to a constant critical shear stress.
The results also apply to a case when the layer can only support up to a constant shear stress, say, τ c after which
the transmitted shear stress through the elastomer remains constant at τ c . Second, we use a progressively degrading
material whose stiffness decays exponentially with the shear straining,
C(γ) = C(0) e−αγ

(41)

Here,α is a dimensionless parameter that idealizes the intensity of the material degradation by, say, void nucleation
and micro-shearbanding produced by shearing.
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Table 1
Dimensionless values used in numerical calculations
Ḡ
K̄
ρ̄
Ḡp
ρ̄p

1/3, 1/2, 1
10
0.000125
30
0.001

3. Examples
We now consider illustrative numerical examples. All the parameters are rendered dimensionless using the
pre-existing axial pressure, p, initial particle velocity in steel, V0 , and the elastomer layer thickness, l. The other
parameters are selected in a way to reproduce an experiment for a thin layer of soft nearly incompressible rubber-like
material, sandwiched between two high-density and stiff steel plates. We thus set,
Ḡ =

G
,
p

K̄ =

K
,
p

ρ̄ =

ρV02
,
p

Ḡp =

Gp
,
p

ρ̄p =

ρp V02
p

(42–46)

Here G, K and ρ are, respectively, the shear modulus, bulk modulus and the density of the elastomer in the prestressed condition, while Gp and ρp are the shear modulus and density of the front and rear plates. The value of the
bulk modulus K is needed in order to calculate the stiffness parameter C. Three different values for the normalized
shear stiffness are used to illustrate the effect of shear stiffness on the resulting wave propagation. Table 1 gives the
values of the parameters used in the numerical examples.
A simple and straightforward dynamic finite-element method is used for the numerical calculations. The thickness
of the elastomer is divided into N equal elements. The central-difference method is used for the time discretization.
The time-step is checked to ensure that it is smaller than the time required for the wave to travel through one element,
i.e., smaller than the critical time-step [16]. The boundary conditions are enforced using (35) and (40), which require
calculation of the stress only inside the elastomer. The steel plates are linearly elastic with small displacement and
velocity. Hence, their velocities at any interior point are easily related to those at the interface with the elastomer.
In fact, neglecting the dispersion, the displacement at an interior point of plate II is merely a time shift of that at its
interface with the elastomer layer. The results of this scheme are also compared with those obtained using a method
that extends the finite-element calculation into boundary layers inside the steel plates and decomposes the wave into
incoming and reflected components, arriving at essentially the same results to within the numerical errors; therefore,
these results are not presented here. Even though, in reality, release waves do reflect off the free surfaces of the
steel plates and return back to the interface with the elastomer, affecting the subsequent response of the sandwich
structure, for clarity, we do not include these in what follows, assuming that the steel plates are very thick relative
to the thickness of the elastomer layer.

4. Discussion
The graphs in Fig. 2 show the normalized particle velocity (divided by V0 ) versus normalized time (divided by
l/V0 ), at a typical point near the interface inside the rear plate II; the high frequency oscillation at the beginning of
each step is an artifact of the numerical method used. In the absence of release waves, this velocity should approach
the initial particle velocity, V0 , if there is no slip at the interfaces, or other material degradation. The time that it
takes to achieve this final velocity, however, will depend on the magnitude of the effective shear modulus of the
elastomer.
To examine the effect of the pre-stress on the shear-wave propagation, we have given in Fig. 3 the corresponding
solution which uses the actual shear modulus, G = p/3, instead of the apparent shear modulus, C, that reflects the
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Fig. 2. Normalized particle velocity (velocity/V0 ) in the rear plate for indicated values of the shear modulus, G. In the absence of release waves
reflecting off the free faces of the steel plates, the final velocity would approach V0 regardless of the value of the shear modulus, if there is no
interface slip or other material failure. Normalized time = actual time/(l/V0 ).

presence of the axial and lateral stresses, as is detailed in the preceding sections. Therefore, even for a simple
constitutive relation such as hypo-elasticity, the pre-stress effect can modify the wave propagation results. Hence,
when extracting the material parameters from the results of this kind of impact experiment, it is necessary to include
the effect of the pre-stresses in order to obtain relevant and unambiguous results.
If interface or other failure occurs in the elastomer, the stress wave transmitted through the elastomer layer will
be limited in magnitude and the maximum velocity observed inside of the plate II will be less than V0 . Two ad hoc
models are used to illustrate the effect of such failure on the wave propagation; see Fig. 4. Perfect yielding (or slip)
abruptly renders the transferred velocity a constant that can be related to the yield stress, τ c through the impedance

Fig. 3. Effect of correction in the value of C due to pre-stress.
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Fig. 4. Effect of stiffness degradation or yielding (interface slip) on the rear plate particle velocity.

of the elastomer layer; this is illustrated in Fig. 4 for τ c /p = 0.1 The progressive failure does not show this abrupt
behavior, as is seen from the results for α = 1/2.1.
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Appendix A
Here we show that Eqs. (3) and (4) are compatible with a hypo-elastic constitutive relation that also collapses to
(13) for simple shearing. This constitutive equation is given by:


tr(D) (2)
◦
σ = K tr(D)1(2) + 2G D −
(47)
1
3
where 1(2) is the second-order identity tensor. For uni-axial straining, as described in (1) and (2), one has:
◦

W = 0 ⇒ σ̇ = σ ,

D=

λ̇
ex ⊗ e x
λ

(48–50)

Here, λ is the principal stretch in the loading direction. Therefore, one may write,
λ̇
σ̇ =
λ





4G
2G
K+
ex ⊗ ex + K −
(ey ⊗ ey + ez ⊗ ez )
3
3

(51)
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and upon integration obtain,




4G
2G
σ = εxx K +
(ex ⊗ ex ) + K −
(ey ⊗ ey + ez ⊗ ez )
3
3

(52)

This is equivalent to (3) and (4) when we use the logarithmic strain.
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