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Modeling of electrochemomechanical response of ionic polymer-metal
composites with various solvents
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Ionic polymer-metal composites �IPMCs� consist of a perfluorinated ionomer membrane �usually
Nafion® or Flemion®� plated on both faces with a noble metal such as gold or platinum and
neutralized with the necessary amount of counterions that balance the electrical charge of anions
that are covalently fixed to the backbone ionomer. IPMCs are electroactive materials with potential
applications as soft actuators and sensors. Their electrical-chemical-mechanical response is
dependent on the cations used, the nature and the amount of solvent uptake, the morphology of the
electrodes, the composition of the backbone ionomer, the geometry and boundary conditions of the
composite element, and the magnitude and spatial and temporal variations of the applied potential.
Our most recent experimental results show that solvents can have profound effects on the nature of
the IPMCs’ actuation. For example, we have discovered experimentally that Nafion-based IPMCs in
Li+-form show very small back relaxation when hydrated, but extensive back relaxation with all
other solvents that we have considered. On the other hand, the same membrane in the K+-form has
extensive back relaxation when solvated with water, ethylene glycol, or glycerol, but none with
18-Crown-6. In the present paper, we seek to model the IPMCs’ actuation and compare results with
the experimental data. The modeling rests on the observation that a sudden application of a step
potential �dc� of several volts �1–3 V� alters the distribution of cations within the ionomer, forcing
cations out of the clusters near the anode and additional cations into the clusters near the cathode.
The clusters within a thin boundary layer near the anode are thus depleted of their cations, while
cations accumulate in the clusters near the cathode boundary layer. We first seek to determine the
spatial and temporal variations of the cation distribution across the thickness of the IPMC for
various cations and solvents, using an implicit finite difference numerical solution of the basic field
equations, and compare the results with those of approximate analytical estimates. Based on this
information, we then calculate the changes in the osmotic, electrostatic, and elastic forces that tend
to expand or contract the clusters in the anode and cathode boundary layers. Finally, we calculate the
amount of solvent out of or into the clusters that produces the bending motion of the cantilever.
Comparing the model results with those of experimental measurement, we have arrived at
remarkably good agreements. Indeed, our nanoscale-based model correctly predicts the unexpected
influence of solvents on the actuation of IPMCs. © 2006 American Institute of Physics.
�DOI: 10.1063/1.2221505�
I. INTRODUCTION

Ionic polymer-metal composites �IPMCs� are electroac-
tive materials with potential applications as actuators and
sensors.1 When a cantilevered IPMC sample is subjected to a
suddenly applied potential �dc� of several volts �1–3 V�, the
electric field alters the distribution of cations within the iono-
mer, forcing them to move from the anode towards the cath-
ode. The clusters within a thin boundary layer near the anode
are thus depleted of their cations, while cations accumulate
in the clusters near the cathode boundary layer. The distribu-
tion of cations under an applied potential may be modeled
using the Nernst-Planck equation to define the flux of species
under electrochemical potential diffusion and the Poisson
equation to relate the concentration of species to the electric
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field. In this manner the approximate analytical solution of
Nemat-Nasser2 can be checked and improved, arriving at a
better prediction of the experimentally observed cation trans-
fer as a function of time.

An efficient computer algorithm has been developed3 for
numerical simulation of membrane transport based on the
Nernst-Planck and Poisson equations, and using an implicit
finite-difference method. In this work, we follow a similar
methodology and find the spatial and temporal variations of
cations within an IPMC sample that is subjected to an elec-
tric potential. Then, based on the knowledge of the cation
imbalance within the clusters �but not in the IPMC�, we cal-
culate the changes in the osmotic, electrostatic, and elastic
forces that tend to expand or contract the corresponding clus-
ters. From this we calculate the amount of solvent out of or
into the clusters, and predict the resulting bending motion of

the cantilever.
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II. MICROSTRUCTURE AND PROPERTIES

A. Composition and properties

IPMCs are electroactive materials with potential applica-
tions as actuators and sensors.1 An IPMC consists of a per-
fluorinated backbone ionomer �usually Nafion® or Flemion®;
�CF2CF�m�CF2CF2�n; see Fig. 1� plated on both faces with
noble metals such as platinum, platinum and gold, or gold,
and neutralized with the necessary amount of counterions
that balance the electric charge of the anions covalently
bonded to the ionomer.4 The electrical-chemical-mechanical
response of the IPMCs depends on the neutralizing cation,
the nature of the solvent and its degree of saturation, the
electrode morphology, and the chemical structure and char-
acteristics of the backbone ionomer.

B. Actuation of IPMCs

When a thin strip of an IPMC membrane in the solvated
state is subjected to a suddenly imposed and sustained con-
stant electric potential �dc� of several volts �1–3 V�, it bends
towards the anode. For Nafion-based IPMCs that are neutral-
ized with alkali metal cations and solvated by water, ethylene
glycol, or glycerol, the strip then slowly relaxes back to-
wards the cathode, while still under electric potential.2,4–6

The sample eventually reaches an equilibrium state �while
the electric potential is still on�, which is generally far from
its initial equilibrium position. If the electric potential is re-
moved as the two electrodes are shorted, the Nafion-based
IPMC sample �under the above-mentioned conditions� dis-
plays a relatively fast bending deformation towards the cath-
ode and then slowly relaxes back towards the anode, seldom
attaining its initial state. Experimental observations7 for
Flemion-based IPMCs show that the initial actuation towards
the anode is followed by slower relaxation in the same �i.e.,
towards the anode� direction. Hence, unlike Nafion-based IP-
MCs no back relaxation has been detected for Flemion-based
IPMCs, in experiments conducted so far.

Thus, with water, ethylene glycol, or glycerol as sol-
vents, the actuation of the Nafion-based IPMCs has essen-
tially the same qualitative character, the basic difference be-
ing the speed of actuation which directly correlates with
solvent viscosity. With crown ethers, on the other hand, we
discovered experimentally6 that there may be a remarkable
qualitative change in the actuation, depending on the cation
and the crown ether. For example, Nafion-based IPMCs in

+

FIG. 1. Chemical structure of Nafion �top� and Flemion �bottom�.
Li -form show only a small relaxation towards the cathode
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with water, but with ethylene glycol, glycerol, or 12-
Crown-4 they show extensive back relaxation towards the
cathode after an initial small actuation towards the anode. In
the K+-form, on the other hand, the Nafion-based IPMC
shows extensive back relaxation for water, ethylene glycol,
or glycerol, but no backward relaxation for the 18-Crown-6,
for which the relaxation is then in the direction of the initial
actuation, namely, towards the anode. Similarly, back relax-
ations are observed for Na+-form IPMCs with water, ethyl-
ene glycol, glycerol, and 18-Crown-6, but not with 15-
Crown-5 as solvent. In the case of 18-Crown-6, the initial
bending towards the anode is followed by back relaxation
towards the cathode, as occurs �at different speeds� when
water, ethylene glycol, or glycerol is used for the solvent.
Our nanoscale model correctly predicts all these results, as is
summarized and illustrated in this paper.

C. Micro-mechanisms of Actuation

The basic idea underpinning the actuation modeling is
that the application of an electric potential produces two thin
boundary layers, one near the anode and the other near the
cathode electrodes. As a result, the clusters in the anode
boundary layer are gradually depleted of their cations, while
those in the cathode boundary layer are gradually supplied
with additional cations. The cation imbalance within the
clusters �but not in the IPMC� changes the osmotic, electro-
static, and elastic forces that tend to expand or contract the
corresponding clusters, forcing the solvents out of or into the
clusters, and thus produces the bending motion of the canti-
lever. Therefore, in this model, the volume fraction of the
solvent within each boundary layer is assumed to be con-
trolled by the effective pressure in the corresponding clusters
produced by the osmotic, electrostatic, and elastic forces.

D. Some basic characteristic parameters

An important parameter that characterizes an ionomer is
its ion content, defined by

EWion =
EWH+ − 1.008 + FWion

SF
, �1�

where EWH+ is the equivalent weight of dry Nafion polymer
in H+-form, which for Nafion 117 is almost 1100 g/mol �ion
exchange capacity of 1 /1100=0.99 meq g−1�. FWion is the
formula weight of the cation used, and SF accounts for the
metal plating, being the ratio of the dry backbone polymer
mass to the total mass of the IPMC sample. For the bare
polymer �no metal plating�, SF=1.

Another characteristic of a solvated sample is the solvent
uptake that affects both the stiffness and the actuation behav-
ior of the material. Solvent uptake is defined as the ratio of
the volume of the absorbed solvent to the volume of the dry
IPMC sample,

w =
Vs

Vd
=

1

�sVd
�mtotal − md� , �2�

where Vs is the volume of the absorbed solvent, Vd is the

volume of the dry sample, �s is the density of the solvent,
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mtotal is the total mass of the sample in the solvated form, and
md is the mass of the dry sample.

The concentration of anions in the bare membrane,C−, is
the number of anions �in mole� per unit volume �in cm3� of
the solvated sample, defined by

C− =
�d

EWion

1

1 + w
, �3�

where �d is the dry density of the IPMC sample.

III. MODELING OF STIFFNESS VERSUS SOLVATION

A dry sample of a bare polymer or an IPMC in a solution
absorbs the solvent until the resulting pressure within the
clusters is balanced by the elastic stresses that are conse-
quently developed within its backbone polymer membrane.
From this observation, we calculate the stiffness of the mem-
brane as a function of the volume fraction of the solvent
uptake for various cations. We first consider the balance of
cluster pressure and elastic stresses for the bare polymer �no
metal plating� to calculate the stiffness of the bare membrane
for a given solvent uptake. Then we use the results to calcu-
late the stiffness of the corresponding IPMC by including the
effect of the added metal electrodes. The procedure also pro-
vides a way of estimating the microstructural parameters that
are needed for modeling the actuation of IPMCs. For Nafion-
based IPMCs, the overall stiffness of both the bare mem-
brane and the corresponding IPMC has been measured di-
rectly as a function of the degree of solvation. Therefore, the
results can be subjected to experimental verification.

The pressure developed within the cluster, pc, can be
shown2 to be given by

pc =
�QB

−K0�

w
+

1

3�e
QB

−2 ±�2

w2 , K0 =
RT

F
, QB

− =
�BF

EWion
,

�4�

where � is the practical osmotic coefficient, � is the effective
length of the dipole, F is the Faraday constant, � is the
cation-anion valence ��=2 for monovalent cations�, R
=8.314 J /mol/K is the universal gas constant, T=300 K is
the test �room� temperature, �B is the density of the bare
ionomer, and �e is the effective permittivity. Furthermore,
from the balance of the elastic resistance of the membrane
against the cluster expansion and the cluster pressure, it is
shown that the stiffness, K�w�, of the bare polymer can be
estimated as follows:2

K = pc
1 + w

w0In − �w0/w�4/3 ,

TABLE I. Refractive index n and dipole moment �m of water, glycerol, and
ethylene glycol at room temperature �Ref. 9�.

Water Glycerol Ethylene glycol

n 1.334 1.474 1.383
�m �D� 1.90 2.56 2.36
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In =
1 + 2An0

n0�1 + An0�1/3 −
1 + 2A

�1 + A�1/3 , �5�

A =
w

w0
− 1,

where n0 and w0 are the initial �dry� porosity and initial void

ratio, respectively. The IPMC stiffness, ȲIPMC, is now given
by

ȲIPMC =
YMYB

BABYM + �1 − BAB�YB
,

�6�

B =
�1 + w̄��1 − fM�
1 + w̄�1 − fM�

, w̄ = w�1 − fM�−1,

fM =
�1 − SF��B

�1 − SF��B + SF�M
, �7�

where fM is the volume fraction of the metal plating in a dry
sample, YM and YB are Young’s moduli of the metal plating
and bare ionomer, respectively, �M is the density of the metal
plating, and AB is the concentration factor that accounts for
the contribution of the bare ionomer in carrying the average
overall stress within the sample.

To estimate �e, the effective cluster electric permittivity,
as a function of the solvent uptake w, note that solvent mol-
ecules are polar. As part of the solvation shell of an ion, a
polar solvent has a dielectric constant of, say, �1, whereas as
free molecules its dielectric constant is much larger, say, �2,
both at room temperature. To estimate the solvent dielectric
constants in bulk and as a part of the solvation shell, we use
the following equation:8

�E =
4�

Msolvent

n2 + 2

3
L�n2 + 2

2

�m

kT
E� +

3

2
�n2 − 1�E , �8�

where Msolvent is the solvent’s molecular weight, n is its re-
fractive index, E is the applied electric field,�m is the dipole
moment, k is Boltzmann’s constant, and L is the Langevin
function defined by

L�y� = coth�y� −
1

y
. �9�

The refractive index n and the dipole moment �m of the
solvents under study are given in Table I; data from Ref. 9.
The calculated dielectric constants are shown in Table II.

To find the number of moles of cations within a given
sample of bare ionomer, we use the measured solvent uptake
w, sample length L, width wd, thickness 2H, and its dry
density �d. For example, for a sample in K+-form with
FWion=39 g/mol, w=1.47, L=2.6982 cm, wd=0.2509 cm,

TABLE II. Calculated dielectric constant in bulk and as a part of the solva-
tion shell of an ion for various solvents using Eq. �8�.

Water Glycerol Ethylene glycol

�1 6.2 9.4 7.7
�2 78.4 46.5 41.0
AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp
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2H=0.0178 cm �resulting in 1.18	10−8 cm3 for volume�,
and �d=2.07 g/cm3, the cation content in moles then is

xC = � �d

EWion

1

1 + w
��1 + w�Vd = 2.15 	 10−5. �10�

In the solution of 4.2 g of 18CR6 �m18CR6=4.2 g� and
10 ml of glycerol �VG=10 ml� �see Nemat-Nasser et al.6 for
details on preparation of the crown ether solutions�, the
moles of glycerol, xG, are given by

xG =
�sVG

MG
= 0.137, �11�

where MG represents the molecular weight of the glycerol.
We calculate moles of crown, say, x18CR6, to be

x18CR6 =
m18CR6

M18CR6
= 0.016. �12�

Using �11� and �12�, we obtain

xG

x18CR6
= 9. �13�

We assume that the same ratio holds in the backbone
ionomer. The total weight change due to the solvation is
given by

MGxG + M18CR6x18CR6 = mtotal − md. �14�

Using Eq. �13�, the moles of glycerol, yG, and 18CR6,
y18CR6, within the sample are

yG = 1.7 	 10−4, y18CR6 = 1.9 	 10−5. �15�

Then, the mole of solvent per mole of ion is

yG

xC
� 8

moles of glycerol

mole of cation
,

�16�
y18CR6

xC
� 0.9

moles of 18CR6

mole of cation
.

The above calculation shows that 90% of the cations is
embraced by the crown ether. Therefore, the rest of the cat-
ions �10%� and all the anions are surrounded by the glycerol
through their solvation shell. A similar procedure for 12CR4
and 15CR5 yields

yG

xC
= 8

moles of glycerol

mole of cation
,

�17�
y15CR5

xC
= 0.9

moles of 15CR5

mole of cation
,

yG

xC
= 8

moles of glycerol

mole of cation
,

�18�
y12CR4 = 0.9

moles of 12CR4
.

xC mole of cation
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Let CN be the static solvation shell of the cation �which
equals its corresponding coordination number�, mw be the
number of moles of solvent per mole ion �cation and anion�
within a cluster, and note that

mw =
EWionw

Msovent�B�
. �19�

We use �=2 for water, ethylene glycol, and glycerol, but
we use �=1.1 for crown ether solutions, since, in those
cases, only 10% of the cations are solvated by glycerol.

Hence, when the amount of solvent �in moles� per ion
within a cluster is less than the coordination number CN of
that ion, we set �e=�1�0, where �0=8.85	10−12 F/m is the
electric permittivity of free space. On the other hand, when
mw
CN then we calculate �e=�e�w� as follows �see
Nemat-Nasser2 for details�:

�e =
�2 + �1 + f��2 − �1�
�2 + �1 − f��2 − �1�

�1, �1 = �1�0,

�20�

�2 = �2�0, f =
mw − CN

mw
.

To estimate the parameter �2 in �4�, first we assume that
it varies linearly with w for mw�CN, i.e., we set

±�2 = a1w + a2, �21�

and estimate the coefficients a1 and a2 from the experimental
data using two measured values of the stiffness. The results
are listed in Tables III–V. For mw
CN, furthermore, we
assume that the pseudodipole length is controlled by the
electric permittivity of its environment, given by �in m2�

�2 = 10−20��e

�1
�2

�a1w + a2� . �22�

TABLE III. Parameters, initial data, and other results used for stiffness
modeling of bare Nafion ionomer and Nafion-based IPMC in Li+-form.

Li+

EG G 12CR4

FWion �g/mol� 6.95 6.95 6.95
CN 6 6 3
�1 7.7 9.4 9.4
�2 41 46.5 46.5

�B �g/cm3� 2.01 2.01 2.01
w �wet� �%� 85.0 83.8 70.3
w �dry� �%� 3.8 4.1 3.5

YB �wet� �MPa� 85 55 89
YB �dry� �MPa� 756 611 630

� 1 1 1
a1 �10−20 m2� 4.150 2.399 3.437
a2 �10−20 m2� −0.187 −0.166 −0.097

AB 0.7 0.7 0.7
AIP license or copyright, see http://jap.aip.org/jap/copyright.jsp
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In a series of experiments, the extensional Young modu-
lus YB of strips of bare Nafion in various cation forms has
been measured as a function of the solvent uptake w. The
solvated membrane is assumed to be incompressible. For
small axial strains �i.e., less than 1%�, therefore, the Young
modulus YB of the solvated strip of bare polymer relates to
the stiffness K by

YB = 3K . �23�

Figures 2–13 show the experimentally measured
Young’s modulus YB for Li+-, Na+-, and K+-form Nafion 117
ionomer with various solvents. In these figures, the results of
the model are shown by solid curves. An initial porosity of
n0=0.01 is used for the calculations. For crown ethers �last
column of the tables�, CN=3 represents the static solvation
shell of sulfonate.9

TABLE IV. Parameters, initial data, and other results used for stiffness
modeling of bare Nafion ionomer and Nafion-based IPMC in Na+-form.

Na+

W EG G 15CR5 18CR6

FWion �g/mol� 23.0 23.0 23.0 23.0 23.0
CN 5 5 5 3 3
�1 6 7.7 9.4 9.4 9.4
�2 78 41 46.5 46.5 46.5

�B �g/cm3� 2.02 2.02 2.02 2.02 2.02
w �wet� �%� 47.5 146.1 53.8 70.0 120.0
w �dry� �%� 1.2 7.4 3.9 5.1 4.8

YB �wet� �MPa� 92 40 65 75 40
YB �dry� �MPa� 1363 388 600 455 485

� 1 1 1 1 1
a1 �10−20 m2� 1.728 1.853 1.340 2.692 2.031
a2 �10−20 m2� −0.071 −0.196 −0.116 −0.214 −0.033

AB 0.7 0.7 0.7 0.7 0.7

TABLE V. Parameters, initial data, and other results used for stiffness mod-
eling of bare Nafion ionomer and Nafion-based IPMC in K+-form.

K+

EG G 15CR5 18CR6

FWion �g/mol� 39.1 39.1 39.1 39.1
CN 4 4 3 3
�1 7.7 9.4 9.4 9.4
�2 41 46.5 46.5 46.5

�B �g/cm3� 2.07 2.07 2.02 2.07
w �wet� �%� 32.0 42.8 133.0 83.8
w �dry� �%� 4.0 4.0 5.8 4.1

YB �wet� �MPa� 148 80 45 85
YB �dry� �MPa� 748 539 465 590

� 1 1 1 1
a1 �10−20 m2� 3.966 1.302 2.807 3.798
a2 �10−20 m2� −0.182 −0.150 −0.025 −0.233

AB 0.7 0.7 0.7 0.7
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FIG. 2. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Li+-form vs solvation; ethylene
FIG. 3. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Li+-form vs solvation; glycerol as
FIG. 4. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Li+-form vs solvation; 12-
Crown-4 as solvent.
FIG. 5. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Na+-form vs solvation; water as

solvent.
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FIG. 6. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Na+-form vs solvation; ethylene
glycol as solvent.
 ethylene glycol as solvent.
FIG. 7. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Na+-form vs solvation; glycerol

as solvent. solvent.

15-Crown-5 as solvent.
FIG. 8. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Na+-form vs solvation; 15-

Crown-5 as solvent.
FIG. 9. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in Na+-form vs solvation; 18-

Crown-6 as solvent.
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FIG. 10. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and
IPMC �data points and the solid curve, model� in K+-form vs solvation;
FIG. 11. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and IPMC
�data points and the solid curve, model� in K+-form vs solvation; glycerol as
FIG. 12. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and
IPMC �data points and the solid curve, model� in K+-form vs solvation;
FIG. 13. Uniaxial stiffness �Young’s modulus� of bare Nafion 117 and
IPMC �data points and the solid curve, model� in K+-form vs solvation;

18-Crown-6 as solvent.
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IV. IPMC ACTUATION

A. Tip displacement

We assume that, in response to changes in the cluster’s
effective pressure, the solvent will diffuse into and out of the
clusters until the elastic resistance of the matrix polymer in
the boundary layers balances the internal cluster pressure.
The resulting strains are called eigenstrains. For a cantile-
vered sample in pure bending, the radius of curvature Rb is
related to the maximum bending strain �max by

�max � ±
H

Rb
, �24�

where H is half of the IPMC sample thickness �see Fig. 14�.
The volumetric strain �v is given by

�v = ln�1 + w�x,t�� . �25�

Relating the bending due to the volumetric strain to the
bending resistance of the sample, the radius of curvature Rb

as a measure of actuation, becomes

L

Rb
=

L

2H3�3ȲIPMC − 2YB�
	

−h

h

YBL�w�x,t��x

	ln�1 + w�x,t��dx , �26�

where h is the thickness of the bare ionomer, L is the canti-
lever’s length, YBL�w�x , t�� is the boundary layer’s Young’s
modulus, x measures the distance along the cross section of
the strip from its midpoint, as shown in Fig. 14, and a strip of
unit width is considered.

B. Voltage-induced cation redistribution

The redistribution of cations under an applied potential
is modeled using the coupled electrochemical equations that
characterize the net flux of the species, caused by the elec-
trochemical potentials �chemical concentration and electric
field gradients�. The total flux consists of cation migration
and solvent transport. Cation migration is assumed to occur
first, followed by the diffusion-controlled solvent transport.
The flux Ji of species i is characterized by10–12

Ji = −
CiDi

RT

��i

�x
+ Ci�i, �27�

where Di is the diffusivity coefficient, �i is the chemical
potential, Ci is the concentration, and �i is the velocity of
species i. The chemical potential is defined by
FIG. 14. Schematic of the cross section of an IPMC.
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�i = �0 + RT ln�iCi� + zi�F , �28�

where �0 is the reference chemical potential, i is the affinity
of species i, zi is the species charge, and � is the electric
potential. We assume an ideal solution where i=1 and, since
there is only one type of cation, drop the subscript i and
rewrite �27� as

J = − D
�C

�x
−

zDCF

RT

��

�x
+ C� , �29�

where D, C, and z are the ionic diffusivity coefficient, con-
centration, and charge of the cations, respectively. The varia-
tion in the electric potential field, �=��x , t�, in the mem-
brane is governed by the basic Poisson electrostatic
equations,13,14

���E�
�x

= z�C − C−�F, E = −
��

�x
, �30�

where E and � are the electric field and the electric permit-
tivity, respectively. Now, since the solvent velocity is very
small, we may neglect the last term in �29� and, in view of
�30� and continuity, obtain

J�x,t� = − D
 �C�x,t�
�x

− zC�x,t�� F

RT
�E�x,t�� , �31�

�C�x,t�
�t

= −
�J�x,t�

�x
, �32�

�E�x,t�
�x

= z�F

�̄
��C�x,t� − C−� . �33�

Here �̄ is the overall electric permittivity of the solvated
IPMC sample that can be estimated from its measured effec-
tive capacitance. The above system of equations can be di-
rectly solved numerically, or they can be solved analytically
using approximations. In the following sections, both meth-
ods are considered and the results are presented and com-
pared.

1. Finite-difference solution of cation transport

An efficient finite-difference simulation procedure for
the solution of the steady-state and transient versions of the
Nernst-Planck and Poisson system of equations is used, fol-
lowing Brumleve and Buck.3 This allows for both spatial and
temporal variations. The resulting implicit and nonlinear
equations are solved using an iterative Newton-Raphson
technique.15 Equations �31�, �32�, and �3� are converted into
finite-difference form as follows:

Jj = − D
Cj+1 − Cj

�XMj
− z

Cj+1 + Cj

2
� F

RT
�Ej�,

1 � j � N − 1, �34�

Cj − Cj
0 = −

�t
�Jj − Jj−1�, 1 � j � N , �35�
�XBj
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�Ej

�x
= z

F

�̄
�Cj − C−�, 1 � j � N , �36�

�t = tk+1 − tk, �XB1 =
x2

2
, �XBN =

xN − xN−1

2
,

�XMj = xj+1 − xj, 1 � j � N − 1,

�37�

�XBj =
xj+1 − xj−1

2
, 2 � j � N − 1,

N = total number of spatial elements.

The physical parameters in Eqs. �34�–�36� are rendered
dimensionless as follows:

X = x/�, t� = tD/�2, C�x,t� = C�x,t�/C−,

���x,t� = ��x,t�F/RT, K = �̄RT/C−�2F2, �38�

where the length � is defined later on by Eqs. �45�. Substi-
tuting �34� in �35� and using �30� to relate the electric field to
the electric potential, we obtain

C1 − C1
0 −

�t�

�XB1

�C2 − C1

�XM1
− z

C2 + C1

2

�2� − �1�

�XM1
�� = 0,

�39�
j = 1,

Cj − Cj
0 −

�t�

�XBj
�Cj+1 − Cj

�XMj
−

Cj − Cj−1

�XMj−1
−

z

2

�Cj+1 + Cj�

	�� j+1� − � j�

�XMj
� + �Cj + Cj−1��� j� − � j−1�

�XMj−1
�� = 0,

�40�
2 � j � N − 1,

CN − CN
0 −

�t�

�XBN

− �CN − CN−1

�XM1

− z
CN + CN−1

2

�N� − �N−1�

�XMN−1
�� = 0, j = N , �41�

�� j+1� − � j�

�XMj
� − �� j� − � j−1�

�XMj−1
� −

K

�XMj
�z�Cj − 1�� = 0,

�42�
2 � j � N − 1.

To improve efficiency, the resulting equations are solved
using smaller time steps �t� at the start of the actuation, and
larger �t� at later times. Similarly, smaller grid spacing is
used close to the electrodes, and larger ones near the center
of the membrane. The values of the ion concentration and the
electric potential are defined at the center of the grids �sepa-
rated by �XB�, while those of the electric field are defined at
their boundaries �separated by �XB�. The finite-difference
spatial mesh is illustrated in Fig. 15. To simulate the transient

response, very small time steps are used.
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Equations �39� and �41� guarantee zero cation flux into
and out of the membrane. Also, the electric potential at the
two ends are prescribed by

�1 = − ��0/2�, �N = ��0/2� , �43�

where �0 is the applied potential. To apply the Newton-
Raphson method to the problem at hand, we recast Eqs.
�39�–�42� in the following difference form:

aj = −
�t�

�XBj

 1

�XMj
−

z

2
�� j� − � j−1�

�XMj−1
��, 2 � j � N ,

bj = 1 +
�t�

�XBj

� 1

�XMj
+

1

�XMj−1
� −

z

2
�� j+1� − � j�

�XMj

−
� j� − � j−1�

�XMj−1
��, 2 � j � N − 1,

cj =
�t�

�XBj

−

z

2
�� j+1� − � j�

�XMj
� −

1

�XMj
�, 1 � j � N − 1,

dj = −
�t�

�XBj

 z

2
�Cj + Cj−1

�XMj−1
��, 3 � j � N ,

f j = −
�t�

�XBj

 z

2
�Cj+1 + Cj

�XMj
��, 3 � j � N ,

yj = −
K

�XMj
� 1

�XMj
+

1

�XMj−1
�, 2 � j � N − 1,

xj = z, 2 � j � N − 1,

sj =
K

�XMj
� 1

�XMj−1
�, 3 � j � N − 1,

wj =
K

�XMj
� 1

�XMj
�, 2 � j � N − 1,

tj =
�t� 
 z �Cj+1 + Cj +

Cj + Cj−1��, 2 � j � N − 1,

FIG. 15. Typical simulation grid showing the location of the concentration,
electric potential, and electric field; E0, �1, and C1 are defined at the left
interface, and EN, �N, and CN at the right interface. Throughout the rest of
the grid, the concentration and electric potential are defined at the center of
each volume element and electric fields are defined at its boundaries.
�XBj 2 �XMj �XMj−1
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g1 = C1
* − C1

0 −
1

�XB1

�t��C2

* − C1
*

�XM1

− z
C2

* + C1
*

2

�2
* − �1

*

�XM1
��, j = 1,

gj = Cj
* − Cj

0 −
�t�

�XBj
�Cj+1

* − Cj
*

�XMj
−

Cj
* − Cj−1

*

�XMj−1
−

z

2

�Cj+1

*

+ Cj
*��� j+1

* − � j
*

�XMj
� + �Cj

* + Cj−1
* ��� j

* − � j−1
*

�XMj−1
�� ,

2 � j � N − 1,

gN = CN
* − CN

0 −
1

�XBN

�t��CN

* − CN−1
*

�XMN−1

− z
CN

* + CN−1
*

2

�N
* − �N−1

*

�XMN−1
��, j = N ,

hj =
K

�XMj

�� j+1

* − � j
*

�XMj
� − �� j

* − � j−1
*

�XMj−1
�

+ z�Cj
* − 1��, 2 � j � N − 1. �44�

The results for the cation transfer for a Nafion-based
IPMC in Li+-form and with water as the solvent, under a dc
electric potential �0 of 1.25 V are shown in Figs. 16 and 17,
which show the variation of the normalized charge density
Q�x , t�, Q�x , t�= �C�x , t� /C−�−1, through the thickness of the
IPMC sample at indicated instants. In the simulation, it is
assumed that �XMj =�XBj, j=2,3 , . . . ,N−1, and 40 ele-
ments are used within 1/7 of the sample thickness at each
end. For the rest of the ionomer cross section close to the
center, we have used 40 elements. For the time steps, we
have used 1 ms for t� IT and 1 s thereafter until the steady-
state solution is reached; for the simulation results that are
discussed in what follows, IT=150 has been used.

FIG. 16. Anode boundary layer cation depletion over time; Nafion-based
+
IPMC in Li -form with water as solvent, 1.25 V dc electric potential.
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The results suggest that the boundary layers initially
form antisymmetrically, and then become nonsymmetric.
The anode boundary layer forms gradually, although the time
scale for this formation is small �0.25 s for the example dis-
cussed�. This matches the experimental results shown in Fig.
18. The effective permittivity �̄ is calculated to be
0.0269 F/m, based on the measured effective capacitance of
11.9 mF/cm2, and C− is calculated to be 1185 mol/m3,
based on the solvent uptake of 53% for the bare ionomer.

Nemat-Nasser and Li5 assumed an antisymmetric cation
distribution along the sample and showed that it then must
have the following form:

C�x� = C− +
�̄�0

2F�2 sinh�h/��
sinh�x/��, � = � �̄RT

C−F2�1/2

.

�45�

Nemat-Nasser2 has shown that the final steady-state cation
distribution is not antisymmetric, but, rather, it is completely
nonsymmetric. Numerical results show that the cation distri-
bution along the sample starts from an antisymmetric solu-
tion, but it then becomes nonsymmetric as the cations of the
clusters in the anode boundary layer are depleted.

2. Approximate solution with one time scale

Ignoring small terms in Eqs. �31�–�33� we obtain the
following expression:2

�

�x
� ���E�

�t
− D
 �2��E�

�x2 −
C−F2

�RT
��E�� = 0. �46�

This equation provides a natural length scale � defined
by �45�, and a natural time scale � given by

� =
�2

D
. �47�

The final �equilibrium� length of the anode boundary
layer that is completely depleted of its cations is given by

�� = ��2�0F

RT
− 2�� . �48�

Nemat-Nasser2 shows that the final �equilibrium� cation con-
centration, the electric field, and the electric potential within
the anode boundary layer, −h�x�−h+��, are given by

FIG. 17. Numerical results for the anode and cathode cation distributions at
equilibrium; Nafion-based IPMC in Li+-form with water as solvent, 1.25 V

dc electric potential.
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C = 0, E�1��x� =
1

�
�− K0

x

�
+ E0� ,

��1��x� = K0� x

�
�2

− E0
x

�
+ A0, �49�

K0 =
C−F�2

�̄
=

RT

F
.

Similarly, in the cathode boundary layer, −h+���x�h,
Nemat-Nasser2 has obtained

E�2��x� =
1

�

B0 exp� x

�
� + B1 exp�−

x

�
�� ,

��2��x� = − B0 exp�x/�� + B1 exp�− x/�� + B2, �50�

C�x� − C−

C− =
F

RT

B0 exp� x

�
� − B1 exp�−

x

�
�� ,

where E0, A0, B0,B1, and B2 are the integration constants, to
be fixed using the boundary and continuity conditions, lead-
ing to the following expressions:

E0 = K0�1 − a��, A0 =
�0

2
− K0�1 +

��

�
− 2a� ,

B0 = exp�− a�
�0

2
+ B1 exp�− a� + B2� ,

�51�
B1 = K0 exp�− a�� ,

B2 =
�0

2
−

1

2
K0
�1 +

��

�
�2

+ 1� ,

where a�h /� and a��h� /� are generally very small. Using
this fact, the above constants are obtained from the following
boundary conditions:

C�− h�� = 0, h� = h − ��, E�1��− h�� = E�2��− h�� ,

�52�

��1��− h�� = ��2��− h��, 	h

�C�x,t� − C−�dx = 0.

−h
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As an example, the equilibrium charge distribution
across the Nafion-based IPMC in Li+-form with water as the
solvent, under a dc electric potential �0=1.25 V and after
300 s, using the approximate solution �ignoring small terms�
is shown in Fig. 19. This distribution is attained gradually
over time. Thus, it is necessary to also estimate the temporal
charge variation. Nemat-Nasser2 shows that, with good accu-
racy, the �equilibrium� spatial variation of the charge distri-
bution can be modified to include the temporal effect using
the following form:

C�x� − C−

C− = g�t�
 F

RT
�B0 exp� x

�
� − B1 exp�−

x

�
��� ,

�53�
g�t� = 1 − exp�− t/�� .

3. Approximate solution with two time scales

The approximate solution with one time scale can be
improved by introducing a second time scale. To this end, we
start with the basic Eq. �46� and assume that the solution is
antisymmetric in a period less than, say, �1, given by

E�x� =
1

�

B0 exp� x

�
� + B1 exp�−

x

�
��, E = −

��

�x
,

��− h� = ��0/2�, ��h� = − ��0/2� , �54�

FIG. 18. Numerical results for the anode and cathode
boundary layer formation; Nafion-based IPMC in
Li+-form with water as solvent, 1.25 V dc electric
potential.

FIG. 19. Variation of the normalized charge density, Q�x , t�, through the
thickness of a Nafion-based IPMC in Li+-form with water as solvent; with

a�h /�=136, and �0=1.25 V.
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−h

h

�C�x,t� − C−�dx = 0,

where, in view of the boundary conditions �54�, we also have

B0 = B1 =
�0

2
exp�− a� . �55�

Now, we assume that for times greater than �1, the anode
boundary layer growth is governed by

���t�
�

=�2�0��t�F
RT

− 2, �56�

where the function �0��t� is chosen to have the following
form:

�0��t� = �0
1 − exp�−
t − �1

�2
�� �57�

based on the numerical results and experimental observa-
tions. Then, the final solution becomes

C�x,t� − C−

C− =
F

RT
�B0�t�exp�x/�� − B1�t�exp�− x/��� ,

B0�t� = exp�− a�
�0��t�
2

+ B1 exp�− a� + B2�t�� ,

�58�
B1 = K0 exp�− a�� ,

B2�t� =
�0��t�

2
−

1

2
K0�
1 +

���t�
�

�2

+ 1 ,

where B0�t�, B1�t�, and B2�t� are time-dependent parameters
resulting from the spatial integration of the basic equations.

The results of the accumulated charge in the cathode
boundary layer for various approaches are presented and
compared with the experimental results in Fig. 20. As is
seen, the numerical results and the results of the approximate
solution with two time scales nicely fit the experimental data.
We used �1=0.25 s and �2=6 s in the two-time-scale ap-
proach to obtain the results shown in Fig. 20.

FIG. 20. Comparison between various approaches for the solution of cation
transport over time; Nafion-based IPMC in Li+-form with water as solvent;

1.25 V dc electric potential.
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C. Boundary layers

As stated, the application of an electric potential pro-
duces two thin boundary layers, one near the anode and the
other near the cathode electrodes, while maintaining the
overall electric neutrality in the IPMC strip. The cation im-
balance within the clusters of each boundary layer changes
the osmotic, electrostatic, and elastic forces that tend to ex-
pand or contract the corresponding clusters, forcing the sol-
vents out of or into the clusters, and produces the bending
motion of the cantilever. Therefore, in this model, the vol-
ume fraction of the solvent within each boundary layer is
assumed to be controlled by the effective pressure in the
corresponding clusters produced by the osmotic, electro-
static, and elastic forces. These forces cause the cathode
boundary layer to contract during the back relaxation, expel-
ling the extra solvents onto the IPMC’s surface, while cat-
ions continue to accumulate within the cathode boundary
layer. This, in fact, is what we have observed in open air
during the very slow back relaxation of IPMCs that are sol-
vated with ethylene glycol and, particularly, with glycerol.

1. Anode boundary layer

At equilibrium state, the total effective anode boundary
layer length LA is given by

LA � � + �� = ��2�0F

RT
− 1�� . �59�

The normalized total ion �cation and anion� concentration
within each boundary layer is

��x,t� =
C�x,t�

C− + 1. �60�

The osmotic pressure then is

��x,t� =
�QB

−K0

w�x,t�
��x,t� . �61�

As the anode boundary layer is being depleted of its
cations, electrostatic interaction forces develop among the
remaining fixed anions, introducing an additional pressure,
say, pAA, within the cluster, while at the same time, the
dipole-dipole interaction forces, pADD, are being diminished.
The two effects are coupled, since the cation distribution
within a cluster would depend on its concentration.
Nemat-Nasser2 has simplified the required analysis by as-
suming that the two effects are uncoupled. We follow the
same approach here to calculate pAA, arriving at

pAA�x,t� =
1

18��x,t�
QB

−2 R0
2

�w�x,t��4/3
−
C�x,t�

C− + 1� , �62�

where ��x , t� is the effective electric permittivity of the clus-
ters and R0 is the initial �dry� cluster size; for the definition
and derivation of various parameters, see Nemat-Nasser.2
Similarly, the corresponding pADD is estimated from
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pADD�x,t� =
1

3��x,t�
QB

−2
��x,t�
w�x,t��2
C�x,t�

C− � . �63�

The total pressure within a typical anode boundary layer
cluster hence is

pc�x,t� = ��x,t� + pAA�x,t� + pADD�x,t� . �64�

2. Cathode boundary layer

Consider now the clusters within the cathode boundary
layer. Unlike the anode boundary layer, the clusters in the
cathode boundary layer are filled with additional cations. The
distribution of cations inside the cathode boundary layer is
not uniform. The normalized total ion concentration and the
osmotic pressure within the cathode boundary layer are de-
fined by �60� and �61�.

In the cathode boundary layer, we identify two forms of
electrostatic interaction forces. One is repulsion due to the
cation-anion pseudodipoles already present in the clusters,
and the other is due to the extra cations that migrate into the
clusters and interact with the existing pseudodipoles. The
additional stresses produced by this latter effect may tend to
expand or contract the clusters, depending on the distribution
of cations relative to fixed anions. We again model each ef-
fect separately, although in actuality they are coupled. The
dipole-dipole interaction pressure in the cathode boundary
layer clusters is estimated as follows

pCDD�x,t� =
1

3��x,t�
QB

−2
��x,t�
w�x,t��2 C−

C�x,t�
. �65�

We represent the interaction between the preexisting di-
poles and the additional cations that move into a cluster un-
der the action of an applied voltage, by dipole-cation inter-
action stresses defined by

pDC�x,t� =
2QB

−2

9��x,t�
R0��x,t�

�w�x,t��5/3
C�x,t�
C− − 1� . �66�

For sulfonates in Nafion-based IPMCs, we expect exten-
sive restructuring and redistribution of the extra cations. It
appears that this process underpins the observed reverse re-
laxation of the Nafion-based IPMC strip. In fact, this redis-
tribution of the cations within clusters in the cathode bound-
ary layer may quickly diminish the value of pDC to zero or
even render it negative. To represent this, Eq. �66� is modi-
fied by a relaxation factor g1�t� and rewritten as

pDC�x,t� =
2QB

−2

9��x,t�
R0��x,t�

�w�x,t��5/3
C�x,t�
C− − 1�g1�t� ,

g1�t� = �r0 + �1 − r0�exp�− t/����, r0 � 1, �67�

where �� is the relaxation time and r0 is the equilibrium
fraction of the dipole-cation interaction forces. In this ap-
proximation, r0 can be negative, since under the action of
additional cations within a cluster, a rearrangement in the
effective polarity of the dipoles can be induced. In the case
of ethylene glycol and glycerol, r0 is negative; see Tables

VII–IX.
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The total pressure inside the cathode boundary layer
cluster hence is

pc�x,t� = ��x,t� + pDC�x,t� + pCDD�x,t� . �68�

D. Variation in solvent uptake

Pressure inside the clusters within the backbone iono-
mer,pc�x , t�, is resisted by the elastic stress �r at the cluster
boundary a0:

�r�a0,t� = − p0�t� + K�t�
w�x,t�
w0

�−4/3

. �69�

As a result, the net pressure tc on the solvent inside the
cluster can be defined as

tc�x,t� = − �r�a0,t� + pc�x,t� , �70�

where �64� and �68� define the corresponding pc�x , t�. The
ion flux must satisfy continuity equation �22�. For the sol-
vent, we have

ẇ�x,t�
1 + w�x,t�

+
���x,t�

�x
= 0. �71�

The solvent exchange in the clusters should be calcu-
lated using the diffusion equation and the initial boundary
conditions. Since the anode boundary layer is rather thin, we
may assume a uniform w�x , t� and tc across this boundary
layer. So in the anode and cathode boundary layers, �71� is
approximated by

ẇ�x,t�
1 + w�x,t�

= DBLtc�x,t� , �72�

where DBL is introduced to include the effect of the anode
and cathode boundary layer thickness in hydraulic perme-
ability. We have assumed that this value is constant across
the anode and cathode boundary layers.

E. Response upon shorting

Shorting refers to the state when the electric potential is
removed and the two faces of the sample are electrically
connected. In this case, experiments suggest that some cat-
ions transport relatively rapidly into the cation-depleted an-
ode boundary layer, while a fraction of cations within the
cation-rich cathode boundary layer transports back into the
interior of the IPMC. The remaining extra cations in the
cathode boundary layer then move slowly out into the inte-
rior region until the equilibrium condition �a uniform charge
distribution� is eventually achieved; this may take a rather
long time depending on the cations and the nature of the
solvent. To model this phase of the actuation, it is assumed
that the equations governing the discharge process are simi-
lar to those of the charging process, but now we start with a
set of initial conditions that characterize the state just prior to
shorting.

Assume that the shorting occurs at t=TS. We assume
that, upon shorting, there is a diffusion of the excess cations
from the cathode boundary layer into the interior of the

membrane, while cations diffuse back into the anode bound-
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ary layer. Eventually this leads to a uniform distribution
throughout the membrane’s thickness. Thus, in the anode
boundary layer we have, for t
TS,

pADD�x,t� =
1

3��x,t�
QB

−2
��x,t�
w�x,t��2C�x,t�

C− , �73�

pAA�x,t� =
1

18��x,t�
QB

−2 R0
2

�w�x,t��4/3
1 −
C�x,t�

C− � . �74�

The above equations are obtained by simply assuming
that the discharge is the reverse of the charging process, al-
though in reality the various involved processes are coupled.
In the cathode boundary layer, for t
TS, we set

pCDD�x,t� =
1

3��x,t�
QB

−2
��x,t�
w�x,t��2 C−

C�x,t�
, �75�

pDC�x,t� =
2QB

−2

9��x,t�
R0��x,t�

�w�x,t��5/3
C�x,t�
C− − 1�g1�t� , �76�

where g1�t� is given in �67�.
As an example, we summarize the procedure that has

been followed to model a Nafion-based IPMC sample in
Na+-form with water as the solvent, and subjected to 1.25 V
dc potential. Values of a1 and a2 are obtained from the stiff-
ness model. The parameter R0 must be calculated with some
care. Since wI��aI /R0�3, where wI is the initial volume frac-
tion of the solvent in the Nafion part of the IPMC and aI is
the cluster size at solvent uptake wI, we may set R0

�wI
−1/3aI. The cluster size aI is estimated from the Gierke

cluster size model,16 as modified by Li and Nemat-Nasser;17

a summary is given in the Appendix. Guided by that model,
a cluster size, aI=1.65 nm, is assumed to exist prior to the
application of the potential. Table VI gives the values of
various parameters used for the purpose of modeling the ac-
tuation response. As discussed earlier, two different time
steps are used to reduce the simulation time as noted in Table
VI. The free parameters r0, ��, D, and DBL are chosen to fit
the data. Depending on the solvent and the cation, both D
and DBL are expected to decrease with increasing viscosity of
the solvent, as they actually do. The measured capacitance
also varies over a range even for the same solvent and cation.
Thus it may be adjusted to within a reasonable range to fit
the data.

FIG. 21. �a� Charge transfer over time for a strip of Nafion-based IPMC in
is the result of the model and the geometric symbols are experimental result
Nafion-based IPMC in Na+-form with water, subjected to a 1.25 V step pote

are experimental results, shorted at 46.7 s.
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Figure 21�a� shows the charge transfer over time for the
strip of Nafion-based IPMC in Na+-form with water, sub-
jected to a 1.25 V step potential for 46.7 s and then shorted.
In the figure, the heavy solid curve represents the model and
the geometric symbols connected by a solid curve represent
the experimental results. The model in this case predicts
faster charge transfer than that observed experimentally, as is
seen in Fig. 21�a�. Figure 21�b� shows the corresponding
variation of the normalized curvature with time.

The same procedure is used to model Nafion-based IP-
MCs in other cation forms with other solvents.6 For solvents
such as glycerol or crown ethers, the sensitivity of our mea-
surement devices was insufficient to discern in certain cases
the necessary signals from that of the background noise. So
for the purpose of modeling, a value within the measured
range is used for the effective capacitance. Tables VII–IX
represent various values of the model parameters for Nafion-
based IPMCs with indicated cations and solvents. The corre-
sponding actuation graphs are given in Figs. 22–32.

V. SUMMARY AND CONCLUSIONS

Both the initial relatively fast motion and the subsequent
relaxation of Nafion-based IPMCs have been modeled based
on the nanoscale mechanisms proposed by Nemat-Nasser.2

Remarkably, the model correctly produces both qualitatively

orm with water, subjected to a 1.25 V step potential; the heavy solid curve
rted at 46.7 s. �b� Variation of normalized curvature over time for a strip of
the heavy solid curve is the result of the model and the geometric symbols

TABLE VI. Parameters used for actuation response modeling; Nafion-based
IPMC in Na+-form and water as solvent, subjected to a step potential and
then shorted.

Parameters Na+–Water

�t �s� 0.001/0.1
N 120
2h ��m� 212
2H ��m� 224
L �mm� 28.6
w1 �%� 50
�0 �V� 1.25
a1 �nm� 1.65
r0 0.08
�� �s� 0.7
D �m2/s� 120�2

DBL �m2/s� 2.5	10−2

Cap �F/m2� 123
Na+-f
s, sho
ntial;
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and, with reasonable accuracy, quantitatively all observed,
rather peculiar, behaviors of this class of soft actuators.

First, the stiffness of the bare ionomer and the corre-
sponding IPMC are modeled for each cation form and vari-
ous degrees of solvation, identifying and evaluating several
microstructural parameters that are also necessary for the
modeling of the corresponding actuation.

To model the actuation, we assumed that the application
of an electric potential produces two boundary layers, one
near the anode and the other near the cathode electrodes. As
a result, the clusters in the anode boundary layer are gradu-
ally depleted of their cations, while those in the cathode
boundary layer are gradually supplied with additional cat-
ions. Under the influence of these extra cations and because
of the strong acidity of the sulfonates, there is a redistribu-
tion of the cations within the clusters in the cathode bound-
ary layer that occurs at a rate defined by a time scale ��. This
modifies the effective dipole-cation interaction forces,
thereby contributing to the back relaxation.

TABLE VIII. Parameters used for actuation response modeling; Nafion-
based IPMC in Na+-form and various solvents, subjected to a step potential
and then shorted.

Parameters

Na+

Ethylene glycol Glycerol 15CR5 18CR6

�t �s� 0.001/1 0.001/5 0.001/10 0.001/10
N 120 120 120 120
2h ��m� 290 212 285 248
2H ��m� 309 232 306 264
L �mm� 40.4 30.8 28.6 28.6
w1 �%� 55 67 181 166
�0 �V� 2.0 2.0 2.0 3.0
a1 �nm� 0.6 1.2 2.8 2.6
r0 −0.1 −0.16 0.22 0.6
�� �s� 0.1 0.1 100 0.02
D �m2/s� 10�2 0.05�2 0.3�2 0.03�2

DBL �m2/s� 9.0	10−3 7.0	10−3 9.0	10−4 1.0	10−3

Cap �F/m2� 55 180 60 150

TABLE VII. Parameters used for actuation response modeling; Nafion-
based IPMC in Li+-form and various solvents, subjected to a step potential
and then shorted.

Parameters

Li+

Ethylene glycol Glycerol 12CR4

�t �s� 0.001/1 0.001/5 0.001/10
N 120 120 120
2h ��m� 290 212 285
2H ��m� 309 232 306
L �mm� 40.4 30.8 38.6
w1 �%� 271 125 145
�0 �V� 1.25 2.0 2.0
a1 �nm� 2.8 1.0 2.0
r0 0.38 −0.2 0.55
�� �s� 0.01 0.001 0.1
D �m2/s� 1.2�2 0.5�2 0.5�2

DBL �m2/s� 9.0	10−3 1.4	10−3 6.0	10−3

Cap �F/m2� 120 17 22.0
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To model the distribution of the cations over the thick-
ness of the IPMC as a function of time, the Nernst equation
is used to represent the cation flux. The electrostatics equa-
tions are used to account for the electric field within the
membrane, and the continuity equations and the necessary
boundary conditions are used to ensure charge conservation
and consistency with the imposed boundary data.

The cation imbalance within the clusters �but not the
IPMC� changes the osmotic, electrostatic, and elastic forces
that tend to expand or contract the corresponding clusters,
forcing the solvents out of or into the clusters, and produces
the bending motion of the cantilever. Therefore, in this
model, the volume fraction of the solvent within each bound-
ary layer is assumed to be controlled by the effective pres-
sure in the corresponding clusters produced by the osmotic,
electrostatic, and elastic forces. These forces cause the cath-
ode boundary layer to contract during the back relaxation,
expelling the extra solvents onto the IPMC’s surface while
cations continue to accumulate within the cathode boundary
layer. This has been actually observed during the very slow
back relaxation of IPMCs that are solvated with ethylene
glycol and, particularly, with glycerol.

FIG. 22. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in Li+-form with ethylene glycol �EG�, subjected to a 2.0 V
step potential; the heavy solid curve is the result of the model and the

TABLE IX. Parameters used for actuation response modeling; Nafion-based
IPMC in K+-form and various solvents, subjected to a step potential and
then shorted.

Parameters

K+

Ethylene glycol Glycerol 15CR5 18CR6

�t �s� 0.001/5 0.001/5 0.001/10 0.001/1
N 120 120 120 120
2h ��m� 185 185 255 285
2H ��m� 206 206 274 306
L �mm� 28.6 28.6 34.35 38.6
w1 �%� 45 36 124 145
�0 �V� 1.5 2.0 2.5 3.0
a1 �nm� 0.8 0.5 2.6 3.5
r0 −0.07 −0.2 1.0 1.0
�� �s� 0.1 0.1 1.0 10
D �m2/s� 5�2 10�2 0.01�2 0.25�2

DBL �m2/s� 3.0	10−3 7.0	10−3 2.0	10−4 9.0	10−4

Cap �F/m2� 110 50 40 15
geometric symbols are experimental results, shorted at 199.2 s.
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experimental results, shorted at 8514.0 s.

geometric symbols are experimental results, shorted at 281.1 s.

are experimental results, shorted at 2610.0 s.
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The coupled equations are solved incrementally. At each
step the effective pressures in the anode and cathode clusters
are calculated. Then, using the rate form of the continuity
equation for the solvent and a linear diffusion equation, the
changes in the volume fraction of the solvent in the anode
and cathode boundary layers are calculated together with the
resulting volumetric strains and hence the increment of the
induced bending curvature. The calculations also take into
account the dependence of the stiffness of the IPMC on the
volume fraction of the solvent that varies along the thickness
and in time. To simplify the modeling, this variation is first
fitted to a simple power law that closely follows both the
measured and modeled values of the stiffness. While this is
not necessary, it does lead to a stable numerical calculation
procedure.

Based on the model and comparison with the experimen-
tal results, the following overall observations are made: �i�
The neutralizing cations, the nature and the degree of satu-
ration of the solvent, the electrode morphology, and the
chemical structure and characteristics of the backbone poly-
mer are all important parameters that affect the electrical-
chemical-mechanical response of IPMCs, both quantitatively
and qualitatively. IPMCs with heavier and more viscous sol-
vents have slower actuations, higher solvent uptakes, smaller
stiffness at fully solvated states, and lower overall capaci-
tance. �ii� The basic mechanism of the IPMC actuation is
governed by the cation transport, which creates imbalance in

FIG. 27. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in Na+-form with 15CR5, subjected to a 2 V step potential; the
heavy solid curve is the result of the model and the geometric symbols are
experimental results, shorted at 1837.0 s.

FIG. 28. Variation of normalized displacement over time for a strip of
Nafion-based IPMC in Na+-form with 18CR6, subjected to a 3 V step po-
tential; the heavy solid curve is the result of the model and the geometric
FIG. 23. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in Li+-form with glycerol �G�, subjected to a 2.0 V step poten-
tial; the heavy solid curve is the result of the model and the geometric
FIG. 24. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in Li+-form with 12CR4, subjected to a 2 V step potential; the
heavy solid curve is the result of the model and the geometric symbols are
FIG. 25. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in Na+-form with ethylene glycol �EG�, subjected to a 2.0 V
step potential; the heavy solid curve is the result of the model and the
FIG. 26. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in Na+-form with glycerol, subjected to a 2 V step potential;
the heavy solid curve is the result of the model and the geometric symbols
symbols are experimental results.
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electrostatic and osmotic pressures within the clusters �while
maintaining overall electric neutrality� and hence promotes
solvent transport. �iii� The application of an electric potential
produces two boundary layers, one near the anode and the
other near the cathode electrodes. The clusters in the anode
boundary layer are gradually depleted of their cations, while
those in the cathode boundary layer are gradually supplied
with additional cations. Experimental results such as the ones
shown in Figs. 21�a� and 28�a� suggest the continued deple-
tion of cations from the anode and accumulation into the
cathode boundary layers long after the initial fast motion and
way into the period of back relaxation of the cantilever that
is actuated by a dc voltage. �iv� Once equilibrium is reached,
most of the clusters in the anode boundary layer are com-
pletely depleted of their cations and those in the cathode
boundary layer are rich with additional cations. �v� Initially,
the variation of the cation density in the cathode and anode
boundary layers is centrally symmetric, but once the clusters
near the electrodes in the anode boundary layer are depleted
of their cations, the length of the anode boundary layer in-
creases as cations move out of its clusters, while cations are
added to the clusters in the cathode boundary layer. �vi� For
a fully solvated IPMC membrane, the equilibrium distribu-
tion of the cations and the internal potential that develops
under the action of an applied step potential of magnitude �0

depend on the effective permittivity �̄, the ionomer thickness
h, the concentration of the anions C−, and the magnitude of

FIG. 30. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in K+-form with glycerol, subjected to a 2 V step potential; the
heavy solid curve is the result of the model and the geometric symbols are

FIG. 29. �a� Variation of accumulated charge over time for a strip of Nafion-
the heavy solid curve is the result of the model and the geometric symbols a
over time for a strip of Nafion-based IPMC in K+-form with ethylene glyco
the model and the geometric symbols are experimental results, shorted at 3
experimental results, shorted at 1036.1 s.
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the applied potential �0. �vii� The effective length of the
anode boundary layer at equilibrium is given by

LA � � + �� = ��2�0F

RT
− 1��, � = � �̄RT

C−F2�1/2

.

This has been established by Nemat-Nasser2 using an ap-
proximate analytical estimate and is confirmed by our nu-
merical solution. �viii� Nafion-based IPMCs with alkali met-
als have relatively late and long back relaxation when
solvated with ethylene glycol and glycerol; this is true even
for Nafion-based IPMCs in Li+-form that show minimal back
relaxation when hydrated. �ix� Nafion-based IPMCs that are
neutralized with alkali metals show remarkably different re-
sponses when solvated with crown ethers. In Li+-form with
12-Crown-4, the response under a dc potential involves ex-
tensive but slow back relaxation, whereas in Na+-form with
15-Crown-5, it shows very little back relaxation and, most
interestingly, in K+-form with 18-Crown-6, there is no back
relaxation at all. Moreover, the sample in Na+-form with 18-
Crown-6 shows extensive back relaxation, whereas in
K+-form with 15-Crown-5, there is some back relaxation to-
wards the cathode, but this is then reversed and the sample
relaxes back towards the anode while still under the dc po-
tential. �x� The variation of the response from sample to
sample �or even for the same sample tested at various times�
is often so great that only an approximate quantitative corre-
spondence between the theoretical predictions and the ex-

FIG. 31. Variation of normalized curvature over time for a strip of Nafion-
based IPMC in K+-form with 18CR6, subjected to a 2.5 V step potential; the
heavy solid curve is the result of the model and the geometric symbols are

IPMC in K+-form with ethylene glycol, subjected to a 1.5 V step potential;
perimental results, shorted at 300.0 s. �b� Variation of normalized curvature
�, subjected to a 1.5 V step potential; the heavy solid curve is the result of
.

based
re ex
l �EG
00.0 s
experimental results, shorted at 669.0 s.
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perimental results should be expected, or reasonably re-
quired. Nevertheless, the model seems to correctly produce,
both qualitatively and, with reasonable accuracy, quantita-
tively, all the observed responses of these IPMCs. �xi� To
apply high electric potentials without electrolysis, IPMCs
with other solvents such as ethylene glycol, glycerol, and
crown ether solutions can be used. This enables actuating a
strip of an IPMC in open air for rather long time periods,
and/or at low temperatures. �xii� To maximize the normalized
curvature of a cantilevered strip with its bending stiffness
held fixed, it is necessary to maximize the effective capaci-
tance and surface conductivity of the IPMC.
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APPENDIX: CLUSTER SIZE APPROXIMATION

X-ray scanning of the Nafion membranes18 has shown
that in the process of solvent absorption, hydrophilic regions
consisting of clusters are formed within the membrane. Hy-
drophilicity and hydrophobicity are generally terms used for
affinity or lack of affinity toward the polar molecule of water.
In the present work we use these terms for interaction toward
any polar solvent �i.e., ethylene glycol�. Cluster formation is
promoted by the aggregation of hydrophilic ionic sulfonate
groups located at the terminus of vinyl ether sulfonate pen-
dants of polytetrafluoroetheylene chain. While these regions
are hydrophilic, the membrane backbone is hydrophobic and

FIG. 32. Variation of normalized displacement over time for a strip of
Nafion-based IPMC in K+-form with 15CR5, subjected to a 2.5 V step po-
tential; the heavy solid curve is the result of the model and the geometric
symbols are experimental results.
it is believed that the motion of the solvent takes place
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among these clusters via the connecting channels. The char-
acteristics of these clusters and channels are important fac-
tors in IPMC sample behavior. The size of the solvated clus-
ter radius �aI� depends on the cation form, type of solvent
used, and the amount of solvation. The average cluster size
can be calculated by minimizing the free energy of the clus-
ter formation with respect to the cluster size. The total energy
for cluster formation consists of an elastic �Uela�, an electro-
static �Uele�, and a surface �Usur� component. The elastic en-
ergy is given by17

Uela =
3NkT

�h2�
��3 NEWion

�*NA
− aI�2

, �A1�

�* =
�B + w�s

1 + w
, �A2�

where N is the number of dipoles inside a typical cluster, k is
Boltzmann’s constant, T is the temperature, �h2� is the mean
end-to-end chain length, �* is the effective density of the
solvated membrane, and NA is Avogadro’s number �6.023
	1023�. The electrostatic energy is defined by

Uele = − g
N2

4��e

m2

aI
3 , �A3�

where g is a geometric factor, m is the dipole moment, and
�e is the effective permittivity within the cluster. The surface
energy can be expressed as

Usur = 4�aI
2 , �A4�

where  is the surface energy density of the cluster. There-
fore, the total energy due to the presence of clusters in the
ionomer is given by

Utot = n�Uele + Uela + Usur� , �A5�

where n is the number of clusters present in the membrane.
Minimizing this energy with respect to cluster size,
��Utot /�aI=0�, gives the optimum cluster size at which the
free energy of the ionomer is minimum. In this manner Li
and Nemat-Nasser17 have obtained

aI = ��h2�EWion

2RT

�w + �V�
�B

	
1 −�3 4��B

3�*�w + �V�
�−21/3

, �A6�

�V =
NAVi�d

EWion
, �A7�

where Vi is the volume of a single ion exchange site. Assum-
ing that �h2�=EWion�,19 it can be seen that

aI
3 =

�

2RT
� , �A8�

EWion
2 �w + �V� 3 4��B

−2
� =
�B


1 −�
3�*�w + �V�

� . �A9�
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Figure 33 shows the variation of the cluster size �aI
3 in

nm3� for different solvent uptakes. Data from Nafion-based
IPMC samples with different cations and different solvent
uptakes are considered. The model is compared with the ex-
perimental results on the cluster size based on x-ray scan-
ning, shown as circles in Fig. 33 for a Nafion ionomer in
various cation forms and with water as solvent.18 We have
set �=1.547, =0.15, and Vi=68	10−24 cm3 to calculate
the cluster size.19

As can be seen from Fig. 33, cluster size varies linearly
with � for different solvents and cation forms. For the Nafion
membrane treated with various other considered solvents, we
have used the physical properties of the sample prior to the
application of a potential and have estimated the cluster size
that is needed for modeling the corresponding IPMC actua-

FIG. 33. Cluster size in Nafion membranes with different solvent uptakes.
tion.
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